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a b s t r a c t
In this paper, axisymmetric flow of two-dimensional incompressible fluids is studied.
The Optimal Homotopy Asymptotic Method (OHAM) is applied to derive a solution of
the reduced fourth-order nonlinear boundary value problem. For comparison, the same
problem is also solved by the Perturbation Method (PM), the Homotopy Perturbation
Method (HPM) [3] and the Homotopy Analysis Method (HAM) [4]. OHAM is parameter
free and provides better accuracy at lower order of approximation. Moreover we can
easily adjust and control the convergence region. As a result it is concluded that the new
technique, OHAM, shows fast convergence, simplicity of application and efficiency.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Squeezing flows are induced by externally applied normal stresses or vertical velocities by means of a mobile
boundary [1]. The fundamental research in this field was carried out by Stefan [2]. Analysis of Newtonian fluid squeezed
between two infinite planar plates was studied by engineers and scientists in [3,4]. Squeezing flows havemany applications
in the food industry, especially in chemical engineering [4]. Some practical examples of squeezing flow include polymer
processing, compression and injectionmodeling. Grimm [5] studied numerically thinNewtonian liquid films being squeezed
between two plates.
Nonlinear differential equations can be solved analytically by various perturbation techniques [6]. These techniques are
very simple to use in calculating the solution, but the limitation of these methods is that they are based on the assumption
of a small parameter and there is no proper way of selecting it. Researchers have been looking for some new techniques
which are independent of the small parameter.
In the last decade, the idea of homotopy was combined with perturbation. The fundamental work was done by S.J. Liao
and J.H. He. Liao proposed the Homotopy Analysis Method (HAM) [7–9]. He introduced the Homotopy Perturbation Method
(HPM) [10–12]. He’s technique, in particular, eliminated some of the traditional limitations of perturbation methods and
was successfully applied to solve a lot problems in many fields including fluid mechanics, heat transfer and nonlinear
oscillations [13–18].
In this research race, very recently Vasile Marinca et al. [19] introduced OHAM for approximate solution of nonlinear
problems of thin film flow of a fourth-grade fluid down a vertical cylinder and for the study of the behavior of nonlinear
mechanical vibration of electrical machines. The same author with various colleagues [20,21] used this method for the
solution of nonlinear equations arising in the steady state flow of a fourth-grade fluid past a porous plate and for the solution
∗ Corresponding author. Tel.: +92 333 9844540; fax: +92 51 4442805.
E-mail addresses: saeed_nihar@yahoo.com.au, saeed@comsats.edu.pk, proud_pak@hotmail.com (S. Islam).
0898-1221/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2010.04.023
M. Idrees et al. / Computers and Mathematics with Applications 59 (2010) 3858–3866 3859
H
V
V
z
r
R
Fig. 1. A steady squeezing axisymmetric fluid flow between two parallel plates [1].
of a nonlinear equation arising in heat transfer. Moreover it is observed [22–24] that HPM and HAM become special cases
of OHAM.
In this paper we use OHAM to study the squeezing flow between two infinite planar plates slowly approaching each
other. The problem is studied under the influence of inertial terms. The paper is organized as follows. In Section 2, the basic
equations are derived and then the model is reduced to a nonlinear boundary value problem. Section 3 is reserved for the
basic mathematical theory of OHAM. In Section 4 OHAM is applied to the solution of the given problem. In Section 5 the
convergence constants are determined and discussed. Solutions using PM and HPM are calculated in Section 6. In Section 7
comparison analysis is carried out and finally conclusions are given in Section 8.
2. Basic equations and the problem formulation
Consider a squeezing flow [1] of an incompressible Newtonian fluid of a constant density ρ and viscosity µ, squeezed
between two large planar parallel plates, separated by a small distance 2H , with the plates approaching each other with a
low constant velocity V , as illustrated in Fig. 1, and where the flow can be assumed to be quasi-steady [1].
The Navier–Stokes equations [3,4] governing such flow, when inertial terms are retained in the flow, are
∇ · u = 0 (1)
ρDu = ∇ · T (2)
where u is the velocity vector, ρ is the density, D denotes the material time derivative, T is the Cauchy stress tensor, and
T = −PI+ µA1, where A1 = ∇u+ (∇u)T.
Consider a steady axisymmetric flow in cylindrical coordinates r, θ, z with the z-axis perpendicular to the plates and
z = ±H at the plates. Since we have axial symmetry, u is represented by
u = (ur , 0, uz) (3)
and the generalized pressure p∗ and vorticityΩ(r, z) functions are
p∗ = p+ ρ
2
∣∣u2∣∣ , (4)
Ω = ∂uz
∂r
− ∂ur
∂z
(5)
when body forces are negligible; the Navier–Stokes equations (1)–(2) in cylindrical coordinates where there is no tangential
velocity (uθ = 0) are
ρ
(
ur
∂ur
∂r
+ uz ∂ur
∂z
)
= −∂p
∂r
+ µ
(
∂2ur
∂r2
+ 1
r
∂ur
∂r
− ur
r2
+ ∂
2ur
∂z2
)
, (6)
ρ
(
ur
∂uz
∂r
+ uz ∂uz
∂z
)
= −∂p
∂r
+ µ
(
∂2uz
∂r2
+ 1
r
∂uz
∂r
+ ∂
2uz
∂z2
)
(7)
where p is the pressure, and the equation of continuity is
1
r
∂
∂r
(rur)+ ∂uz
∂z
= 0. (8)
The boundary conditions require
ur = 0, uz = −V at z = H (9)
∂ur
∂z
= 0, uz = 0 at z = 0. (10)
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We introduce the axisymmetric Stokes stream function
ur = 1r
∂ψ
∂z
, uz = −1r
∂ψ
∂r
. (11)
The continuity equation is satisfied using Eq. (11); substituting Eqs. (3)–(5) and (11) in Eqs. (7)–(8) we obtain
∂p∗
∂r
+ ρ
r
∂2ψ
∂t∂z
− ρ ∂ψ
∂r
E2ψ
r2
− µ
r
∂E2ψ
∂z
= 0, (12)
∂p∗
∂r
− ρ
r
∂2ψ
∂t∂z
− ρ ∂ψ
∂z
E2ψ
r2
+ µ
r
∂E2ψ
∂z
= 0. (13)
We apply integrability conditions:
∂2p∗
∂r∂z
= ∂
2p∗
∂z∂r
.
We get the compatibility equation
ρ
1
r
∂E2ψ
∂t
−
∂
(
ψ,
E2ψ
r2
)
∂ (r, z)
 = µ
r
E4ψ (14)
where E2 = ∂2
∂r2
− 1r ∂∂r + ∂
2
∂z2
.
From Eq. (14) we have
−ρ
∂
(
ψ,
E2ψ
r2
)
∂ (r, z)
 = µ
r
E4ψ (15a)
with the boundary conditions
z = H, then ur = 0, uz = −V ,
z = 0, then uz = 0, ∂ur
∂z
= 0. (15b)
The stream function can be expressed as
ψ (r, z) = r2F(z). (16)
In view of Eq. (16), the compatibility Eq. (15a) and the boundary conditions (15b) take the form
F (iv)(z)+ ρ
µ
F (z) F ′′′(z) = 0, (17)
subject to
F (0) = 0, F ′′ (0) = 0,
F (H) = V
2
, F ′ (H) = 0. (18)
We introduce the following non-dimensional parameters:
F∗ = F
V/2
, z∗ = z
H
, M = ρH
2µ/V
. (19)
HereM is a well known ratio, called the Reynolds number.
Omitting the ‘‘∗’’ for simplicity, the boundary value problem (17) becomes
F (iv)(z)+MF(z)F ′′′ (z) = 0, (20)
with the boundary conditions
F (0) = 0, F ′′ (0) = 0,
F (1) = 1, F ′ (1) = 0. (21)
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3. The basic idea of OHAM [19,25,20,21]
We apply OHAM to the following differential equation:
L(F(z))+ g(z)+ N(F(z)) = 0, B
(
F ,
dF
dz
)
= 0 (22)
where L is a linear operator, z denotes an independent variable, F(z) is an unknown function, g(z) is a known function, N is
a nonlinear operator and B is a boundary operator.
According to OHAM we construct a homotopy φ(z, p) : R× [0, 1] → Rwhich satisfies
(1− p)[L(φ(z, p))+ g(z)] = H(p)[L(φ(z, p))+ g(z)+ N(φ(z, p))],
B
(
φ (z, p) ,
∂φ (z, p)
∂z
)
= 0 (23)
where z ∈ R and p ∈ [0, 1] is an embedding parameter,H(p) is a nonzero auxiliary function for p 6= 0,H(0) = 0 and φ(z, p)
is an unknown function. Obviously, when p = 0 and p = 1 it holds that φ(z, 0) = F0(z) and φ(z, 1) = F(z) respectively.
Thus, as p varies from 0 to 1, the solution φ(z, p) approaches, from F0(z), to F(z), where F0(z) is obtained from Eq. (23)
for p = 0:
L (F0(z))+ g(z) = 0, B
(
F0,
dF0
dz
= 0
)
. (24)
Next, we choose the auxiliary function H(p) in the form
H(p) = pC1 + p2C2 + · · · (25)
where C1, C2, . . . are constants to be determined later.
To get an approximate solution, we expand φ(z, p, Ci) in a Taylor series about p in the following manner:
φ(z, p, Ci) = F0(z)+
m∑
k=1
Fk (z, C1, C2, . . . , Ck) pk. (26)
Substituting Eq. (26) into Eq. (23) and equating the coefficients of like powers of p, we obtain the following linear equations.
The zeroth-order problem is given by Eq. (24) and the first- and second-order problems are given by Eqs. (27)–(28)
respectively:
L (F1(z))+ g(z) = C1N0 (F0(z)) , B
(
F1,
dF1
dz
)
= 0 (27)
L (F2(z))− L (F1(z)) = C2N0 (F0(z))+ C1 [L (F1(z))+ N1 (F0 (z) , F1(z))] , B
(
F2,
dF2
dz
)
= 0. (28)
The general governing equations for Fk(z) are given by
L (Fk(z))− L (Fk−1(z)) = CkN0 (F0(z))+
k−1∑
i=1
Ci [L (Fk−i(z))+ Nk−i (F0(z), F1 (z) , . . . , Fk−1(z))] ,
k = 2, 3, . . . , B
(
Fk,
dFk
dz
)
= 0
(29)
where Nm(F0(z), F1(z), . . . , Fm−1(z)) is the coefficient of pm in the expansion of N(φ(z, p)) about the embedding parameter
p:
N (φ(z, p, Ci)) = N0 (F0 (z))+
∞∑
m=1
Nm (F0, F1, F2, . . . , Fm) pm. (30)
It has been observed that the convergence of the series (26) depends upon the auxiliary constants C1, C2 . . . . If it is
convergent at p = 1, one has themth-order approximation F˜ :
F˜ (z, C1, C2, . . . , Cm) = F0 (z)+
m∑
i=1
Fi (z, C1, C2, . . . , Ci) . (31)
Substituting Eq. (31) into Eq. (20), there results the following expression for the residual:
R (z, C1, C2, . . . , Cm) = L(F˜(z, C1, C2, . . . , Cm))+ g(z)+ N(F˜(z, C1, C2, . . . , Cm)). (32)
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If R = 0 then F˜ will be the exact solution. Generally this doesn’t happen, especially in nonlinear problems.
There are many methods like the Method of Least Squares, Galerkin’s Method, the Ritz Method, and the Collocation
Method for finding the optimal values of Ci, i = 1, 2, 3, . . . . We apply the Method of Least Squares as follows:
J (C1, C2, . . . , Cm) =
∫ b
a
R2 (z, C1, C2, . . . , Cm) dz (33)
where a and b are properly chosen numbers in the domain of the problem;
∂ J
∂C1
= ∂ J
∂C2
= · · · = ∂ J
∂Cm
= 0 (34)
where a and b are properly chosen numbers for locating the desired Ci (i = 1, 2, . . . ,m). With these constants known, the
approximate solution (of orderm) is well-determined.
4. Application of OHAM
In this section, we apply OHAM to the following nonlinear problem:
F (iv)(z)+MF(z)F ′′′(z) = 0 (35)
F (0) = F ′′ (0) = F ′ (1) = 0, F (1) = 1. (36)
According to Eq. (35) we have
L (F(z)) = F (iv)(z) (37)
g(z) = 0 (38)
N (F(z)) = MF(z)F ′′′ (z) . (39)
Using Eq. (23), we construct a family of equations for the given problem (35)–(36):
(1− p)[L(φ(z, p))] = H(p)[L(φ(z, p))+ N(φ(z, p))], (40)
B
(
φ (z, p) ,
∂φ (z, p)
∂z
)
= 0 (41a)
(1− p)φ(iv)(z, p) = H(p)[φ(iv)(z, p)+Mφ(z, p)(φ′′′(z, p))], (42)
B
(
φ (z, p) ,
∂φ (z, p)
∂z
)
= 0. (43a)
Expanding φ(z, p) in a Taylor series with respect to p, we obtain
φ(z, p, Ci) = F0(z)+
∑
k≥1
Fk (z, Ci) pk, i = 1, 2, . . . . (44)
Using Eqs. (35), (36), (42), (44) we get the following cases:
The zeroth-order problem:
F (iv)0 (z) = 0, F0 (0) = F ′0 (1) = F ′′0 (0) = 0, F0 (1) = 1 (45)
with solution
F0(z) = −12 z
3 + 3
2
z (46)
where F0(z) is the initial approximation which satisfies the boundary conditions (21); in the literature this is known as the
Newtonian solution in the absence of inertial terms in the equations of motion.
The first-order problem:
F (iv)1 (z, C1)− F (iv)0 (z) = C1F (iv)0 (z)+MC1F0(z)F ′′′0 (z) (47)
F1 (0) = F1 (1) = F ′1 (1) = F ′′1 (0) = 0 (48)
with solution
F1 (z, C1) = 1560
(−19C1Mz + 39C1Mz3 − 21C1Mz5 + C1Mz7) . (49)
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The second-order problem:
F (iv)2 (z, C1, C2)− F (iv)1 (z, C1) = C1F (iv)1 (z, C1)+ C2F (iv)0 (z)+MC1F0(z)F ′′′1 (z)+MC1F1 (z, C1) F ′′′0 (z)
+MC2F0 (z) F ′′′0 (z) (50)
F2 (0) = F2 (1) = F ′2 (1) = F ′′2 (0) = 0. (51)
For this problem we have the solution
F2 (z, C1, C2) = 12587 200 (−87 780C1Mz − 87 780C
2
1Mz − 87 780C2Mz − 3288C21M2z + 180 180C1Mz3
+ 180 180C21Mz3 + 180 180C2Mz3 − 2215C21M2z3 − 97 020C1Mz5 − 97 020C21Mz5
− 97 020C2Mz5 + 15 708C21M2z5 + 4620C1Mz7 + 4620C21Mz7 + 4620C2Mz7 − 11 682C21M2z7
+ 1540C21M2z9 − 63C21M2z11). (52)
For the second-order approximation, adding Eqs. (46), (49) and (52), we obtain
F˜ = − 1
2587 200
z(−9240C1M(−19+ z2)(−1+ z2)2 − 4620− 280(−3+ z2)+ C2M(−19+ z2)(−1+ z2)2
+ C21M(−1+ z2)2(−4620(−19+ z2)+M(3288+ 8791z2 − 1414z4 + 63z6))) (53)
where
F˜ = F0(z)+ F1(z, C1)+ F2(z, C1, C2). (54)
Substituting Eq. (53) in Eq. (20), we obtain the residual as
R (z, C1, C2) = F˜ (iv)(z)+MF˜(z)F˜ ′′′(z). (55)
Using Eq. (53), we obtain the expression for the residual R (please see the Appendix).
5. Determination of the constants (Ci, i = 1, 2)
Here, for constants C1 and C2, the Method of Least Squares is used as follows:
J (C1, C2) =
∫ b
a
R2 (z, C1, C2) dz (56)
∂ J (C1, C2)
∂C1
= ∂ J (C1, C2)
∂C2
= 0. (57)
ForM = 2, C1 = −0.821494, C2 = 0.0206056,
F˜(z) = −1
2
z
(−3+ z2)− 1
280
z
(−19+ z2) (−1+ z2)2 − 1
2587 200
{(−1+ z)2z(14 444+ 28 888z
− 30 9112z2 − 106 572z3 + 41 914z4 − 3640z5 − 5040z6 + 490z7 + 245z8)}. (58)
6. Solutions using the PM and the HPM
For comparison, the reduced model given in Eqs. (20)–(21) is solved also by using the PM (Regular Perturbation Method)
and the HPM. The second-order approximations using the PM and HPM are
FPM(z) = −12 z(−3+ z
2)− 1
560
Mz(−19+ z2)(−1+ z2)2 − 1
10 348 800
{M2(−1+ z)2(14 444+ 28 888z
− 309 112z2 − 106 572z3 + 41 914z4 − 3640z5 − 5040z6 + 490z7 + 245z8)} (59)
and
FHPM(z) = −12 z(−3+ z
2)− 1
560
Mz(−19+ z2)(−1+ z2)2 − 1
10 348 800
{M2(−1+ z)2z(14 444+ 28 888z
− 309 112z2 − 10 6572z3 + 41 914z4 − 3640z5 − 5040z6 + 490z7 + 245z8)}. (60)
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Table 1
Comparison of OHAM solution with PM, HPM, HAM [4] and numerical [4].
z PM HPM HAM [4] Numerical [4] OHAM
0.00 0.0 0 0 0 0
0.15 0.232546 0.232546 0.232179 0.232179 0.231996
0.30 0.45369 0.45369 0.451603 0.451603 0.451343
0.45 0.650927 0.650927 0.646354 0.646353 0.646147
0.60 0.811982 0.811982 0.805988 0.805988 0.805894
0.75 0.926616 0.926616 0.921867 0.921867 0.921852
0.90 0.988531 0.988531 0.987176 0.987176 0.987177
z
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
F 
(Z)
F0
F1
F2
Fig. 2. Approximation of F(z) by zeroth-order F0 , first-order F1 and second-order F2 solutions obtained by using OHAM.
z
0.0
0.2
0.4
0.6
0.8
1.0
F 
(Z)
0.0 0.2 0.4 0.6 0.8 1.0
Fig. 3. Plot showing the variation of F(z)with increasing z.
z
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
F 
(Z)
Fig. 4. Analysis of F(z)with increasing Reynolds numbers (M = 1, 2, 3, 4). We get almost the same behavior if we slightly increaseM .
7. Comparison analysis
Table 1 shows a comparison of the PM, HPM, HAM, the numerical method and the present method (OHAM) for fixed data
M = 2, a = 0, b = 1, C1 = −0.821494, and C2 = 0.0206056.
It is obvious that the result from using OHAM (second order) is better than those from using the othermethods in Table 1.
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Table 2
OHAM solution for Reynolds numbersM = 0, 1, 2, 3, 4 and10.
z M = 0 M = 1 M = 2 M = 3 M = 4 M = 10
0.00 0.0 0 0 0 0 0
0.15 0.223312 0.227784 0.231996 0.235947 0.239637 0.256306
0.30 0.4365 0.444185 0.451343 0.457974 0.464078 0.489628
0.45 0.629438 0.638166 0.646147 0.65338 0.659864 0.683059
0.60 0.792 0.799349 0.805894 0.811634 0.816571 0.829301
0.75 0.914063 0.918249 0.921852 0.92487 0.927305 0.929652
0.90 0.9855 0.986419 0.987177 0.987774 0.98821 0.987436
z
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
F 
(Z)
M     0.5
M     2.0
M     3.0
M     4.0
Fig. 5. Investigation of F(z)with differentM values. Blue line:M = −0.5, purple line:M = −2.0, brown line:M = −3.0, and green line:M = −4.0. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
z
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
M   3
M   2
M   0.5
M   0
F 
(Z)
Fig. 6. Investigation of F(z)with differentM values. Blue line:M = 3, purple line:M = 2, brown line:M = 0.5, and green line:M = 0. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
The plot given in Fig. 2 shows the comparison of the zeroth-order F0, first-order F1 and second-order F2 solutions obtained
by using OHAM. The curves show that the OHAM results improve with increasing order (Fig. 3).
In Table 2 we analyze the flow with different Reynolds numbers M = 0, 1, 2, 3, 4, 10. We observe that we get almost
the same solution with our second-order approximation (Fig. 4).
Now let us analyzeM atM = −0.5,−2.0,−3.0,−4.0. We see from Figs. 5 and 6 that whenM decreases, the solutions
of the boundary value problem (20)–(21) decrease. Thus it is easy to see how V , ρ, µ and H affect F(z).
8. Conclusion
In this paper, an axisymmetric flow of two-dimensional incompressible fluids between two infinite parallel plates is
analyzed. We applied a new powerful analytic technique, OHAM, to the reduced nonlinear boundary value problem. For
comparison, the same problem is also solved by using PM and HPM. This method provides us with a convenient way to
control the convergence and we can easily adjust the desired convergence regions. This approach is simple to apply, as it
does not require discretization like other numerical and approximate methods. Moreover, this technique converges quickly
to the exact solution and requires less computational work. This confirms our belief that the efficiency of the OHAM gives it
much wider applicability. Mathematica software is used for the symbolic derivations of some of the equations.
3866 M. Idrees et al. / Computers and Mathematics with Applications 59 (2010) 3858–3866
Acknowledgement
The authors would like to thank the anonymous reviewer for helpful and high quality suggestions.
Appendix
R = 1
223 120 128 000
Mz(17 075 520C1(39 200(−3+ z2)− 560M(−34+ 177z2 − 84z4 + 9z6)
+ C2M2(−1+ z2)2(−741+ 4029z2 − 875z4 + 35z6))− 1848C31M2(−1+ z2)2
× (−9240(−741+ 4029z2 − 875z4 + 35z6)+M(86 147+ 2639 104z2 − 9711 786z4
+ 3473 792z6 − 389 585z8 + 12 600z10)+M2(1456 584− 99 401 395z2 − 7931 546z4
+ 678 258 231z6 − 338 212 644z8 + 60 011 259z10 − 4569 642z12 + 130 977z14))
+ 4268 880(78 400(−3+ z2)+ C22M2(−1+ z2)2(−741+ 4029z2 − 875z4 + 35z6)
− 1120C2(−70(−3+ z2)+M(−34+ 177z2 − 84z4 + 9z6)))
− 924C21 (−362 208 000(−3+ z2)+ 10 348 800M(−34+ 177z2 − 84z4 + 9z6)
+ C2M3(−1+ z2)2 (86 147+ 2639 104z2 − 9711 786z4 + 3473 792z6 − 389 585z8 + 12 600z10)
− 280M2(−52 263+ 839 396z2 − 2037 882z4 + 1192 356z6 − 224 455z8
+ 12 768z10 + 33C2(−1+ z2)2(−741+ 4029z2 − 875z4 + 35z6)))).
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